ON GEOMETRIC REALIZATIONS OF QUANTUM MODIFIED 
ALGEBRAS AND THEIR CANONICAL BASES, II 
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Abstract. We prove part of the conjectures in [LilOaj . We also relate the construction of 
' quantum modified algebras in |LilOa] with the functorial construction in (ZH08 . 
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1. Introduction 



In [LilOa] , we propose a geometric construction of quantum modified algebras U (or rather 
their quotients) and their canonical bases. The construction involves certain localized equi- 
variant derived categories of double framed representation varieties associated to a quiver. 
The convolution product is defined by using the left adjoints of the localization functors, the 
general direct image functors with compact support and the general inverse image functors. 

In this paper, we show that the complexes J^, <S^_ na . and ^^l +nai defined in [LilOaj 
satisfy the defining relations of the quantum modified algebras. We then show that the 
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monomials formed by these complexes are bounded, which is not clear from the definition. 
Finally, we show that the construction in |LilOa] and the functorial construction in [ZH08J 
are compatible, in the sense that there is a functor from the category of complexes in |LilOa] 
to the category of functors in [ZH08J respecting the convolution products. If the conjectures 
in |LilOa] hold, this functor gives rise to the positivity property of the structure constants of 
the action of the canonical basis elements of U on the canonical basis elements of the tensor 
product of the irreducible integrable highest weight representations of U. 

1.1. Notation. Let T = (I, H,' ," ~) be a loop-free graph. It corresponds to a symmetric 
Cartan datum. Fix a root datum (X, Y, (, )) of this Cartan datum and the roots {cti\i G /} 
in X and the coroots {ai\i G /} in Y. It satisfies that = 2 and (a^ojj) = —#{h G 
H\h' = i,h" = j} for any i ^ j G /. The set X + of dominant integral weights are the 
collections of elements A G X such that (ojj, A) G N for any j 6 /. 

Throughout this paper, we fix an algebraically closed field k of characteristic p, a dominant 
weight A, an element d — ^dii G N[J], and an /-graded vector space D over k such that 
A) = di = dim Di for any i G /. 

Let / be a prime number different from p and Qi an algebraic closure of the field of Z-adic 
numbers. We shall refer to [BBD82] , [FK88] . [KWOlj . [BL94] . jLMBOOj . [KS90] . [LO08a| - 
[LO09] . [S08J and [WW09] for the definitions of the derived category T>(X) of complexes 
of Qrconstructible sheaves on the variety X and the equivariant derived category T>g{X) 
of X if the linear algebraic group G acts on X. The full subcategories of bounded and 
bounded below complexes will be denoted by the same notation with a superscript b and — , 
respectively. 

If two complexes K\ and K 2 are isomorphic, we simply write K\ = K 2 - 
We shall use the notations in |LilOa] for Grothendieck's six operations. In particular, we 
write /*, f\ and f l , respectively, for the functors Rf*, Lf*, Rf\ and Rf l between T>(X) 
and T>(Y) if / : Y — > X is a morphism of varieties. More generally, if the linear algebraic 
groups G and G' = G x G\ act on X and Y, respectively, such that / : Y — > X is compatible 
with the group actions, i.e., f((g,gi)-y) = g-f(y), for any (g,gi) G G' and y G Y, the 
operators -R/*, Rf*, Lf\ and Rf l between Vq(X) and V G >(Y) in |LO08b] will be denoted 
by Qf*, Qf*, Qf\ and Qf l , respectively. If G\ is trivial, we use the notations /*, /*, f\ and 
f \ instead of Qf*, Qf*, Qf. and Qf 1 . 

The constant sheaf on X will be denoted by Q/ ; x, whether or not G-equivariant. 

1.2. Quiver variety. Fix an orientation Q of T, i.e., Q is a subset of H such that QUQ = H. 
To any /-graded vector space V over the field k, attached the framed representation variety 
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of the quiver (T, fl): 

E n (D, V) = ® heU Eom(V hl , V h ») © © ie/ Hom(^„ A)- 

Elements in ~Ei^ l {D ) V) will be denoted by X = (x,q) where x and q are in the first and 
second components, respectively. 

Let Gy = Yliei GL(Vi) be the product of general linear group GL(VJ). The group G^x Gy 
acts on Eq(D, V) by conjugation: 

(/, g)-(x, <l) = (x 1 , q'), where x' h = g h "X h grf, q[ = faig' 1 , V7i G O, z G /, 

for any (/, g) G Gx> x Gy, and (x, q) G Eq(D, V). To each i G /, we set 

X(i) = % + ^^^A® 

heQ:h'=i hefl:h'=i 

To any pair (V 1 , \^ 2 ) of /-graded vector spaces, we set 

E n = E n (£>, V 1 , K 2 ) = E fi (£>, V 1 ) © E n (L>, V 2 ). 

The group G = G B xG,.x G y2 acts on E n by (/, g\ g 2 ).(X\ X 2 ) = ((/, ^.X 1 , (/, £ 2 )X 2 ), 
for anya^^eG^^X^GE,. 

Similarly, to a triple (V 1 , V 2 , V 3 ) of /-graded vector spaces, we set 

E n (D, V\ V 2 , V 3 ) = E n (D, V 1 ) © E n (D, V 2 ) © E n (D, V 3 ). 

The group H = G D x G v i x G V 2 x G v z acts on E n (D, V 1 , V 2 , V 3 ) by 

(/, g\ g 2 , g 3 ).(X\ X 2 , X 3 ) = ((/, ^.X 1 , (/, /)X 2 , (/, g 3 ).X 3 ), 

for any (/, g\ g 2 , g 3 ) G H, (X 1 , X 2 , X 3 ) G E n (D, V\ V 2 , V 3 ). 

1.3. Fourier-Deligne transform. Let Vt' be another orientation of the graph V. The var- 
ious varieties defined in 11.21 can be defined with respect to Q' and Q U Q'. Define a pairing 
i* : E Uun ,(D, V 1 ) -> fc by ^(X*) = E fc6nv ,, for any X* G E nun ,(L>, 0) where tr(-) 

is the trace of the endomorphism in the parenthesis. Fix a non-trivial character % from the 
field W p of p elements to Q* := Q«\{0}. Denote by C x the local system on k corresponding 
to x- Let 

(1) d = u*C x . 

Let Uij : En u n>(D, V\ V j ) ->• k be the pairing defined by Uij(X\X j ) = -u i (X i ) + Uj(X j ) 
for any (X\X^) G E nu n'(A V*, V'). We set 

(2) Aj = </x- 
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Consider the diagram 
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m rn/. 

MAV,^') E nun ,(D,V\VJ) ~Eqi(D, v\ V j ), 

where the morphisms are obvious projections. The Fourier-Deligne transform 

(3) Qg : V b G (E n (D, V\ V*)) -> V b G (E u ,(D, V\ V*)) 

is defined to be <&q (K) = m^{rri*j{K) ® where is the rank of the vector bundle 

— > Enn^' and V g (Eq) is the G-equivariant derived category of Eq (see |LilOaj . |BL94j ). 
Note that r y = £ henNn , dim ^ dim ^" + dim dim %- 



1.4. Localization. To each i G /, we fix an orientation f2j of the graph F such that i is 
a source, i.e., if z G {h',h"} then h' = i for any /i G fij. Let be the G-invariant closed 
subvariety of E^. consisting of all elements (X^X 2 ) such that either X l (i) or X 2 (i) is not 
injective. Let Ui be its G-invariant complement. 

The full subcategory Afi of the category V g (Eq) has objects K G V g (Eq) satisfying that 
the support of the complex $>^(K) is contained in the subvariety Fj. Let Af be the thick 
subcategory of T> g (Eq) generated by Afi for all i G I. We define 

@ b G (E Q )=V G (E Q )/M 

to be the localization of V g (Eq) with respect to the thick subcategory Af and 

Q : V b G (E n ) -> ^j(En) 

the localization functor. See |V76] and |LilOa] for the details of the localization. The 
localization functor Q admits a fully faithful right and left adjoint Q* and Q\, respectively, 
as was shown in [LilOaJ. 

Let Q' be another orientation. Let Afn' be the thick subcategory defined in the same way 
as Af. One has, by definition, $q'(jV) = Afn', where $q' is defined in fl3]). So we have an 
equivalence, induced by $q , 

(4) < : 3&(En) ^(Eff). 

Similarly, one can define the category @ GdxGv (E q {D,V)), ^{Eq(D, V 1 , V 2 , V 3 )) and 
the equivalence of categories $g' : ^ oxGv (E Q (D, 1/)) ->■ @ GdkGv (E q ,(D, V)) and 

: <3&(E n (D, V 1 , V 2 , K 3 )) ^(E n >(A V 1 , V 2 , V 3 )). 
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1.5. Convolution product. Let 

jHj : E n (D, V\ V 2 , V 3 ) -»• E n (D, V\ V j ), 

denote the projection to the (i, j)-components. The groups H and G in section [L2l act on 
the spaces E^'s, and it is clear that p^ is compatible with the group actions. So we have a 
morphism of algebraic stacks: 

Q Pij : [H\Eq(D, V 1 , V 2 , V 3 )] -> [GXEn(D,V\Vi)\. 

From [LMBOOj . |LU08a] - [LTjQ9] . we have the following functors: 

Q V \ 3 : V b G (E n (D, V\ V*)) -> V b H (E n (D, V\ V 2 , V 3 )); 

(Qpij)\ ■ x> h (Eq(a v\ v 2 , v 3 )) PqCEoP, v\ V"')). 



(5) 
We set 
(6) 



^* = Q ° Qp*j o Q, : ^.(Enp, V\ V"')) -> ^(E n (D, V 1 , V 2 , V" 3 )); 
Pii! = Q o (g P y)! o Qi : ^ H (E n (£>, V 1 , K 2 , V 3 )) ->• 0o(E n (A V 1 , V 3 ')). 

To any objects if G ^(E n (A V 1 , V 2 )) and L G S£( E n(A V 3 )), associated 

(7) K ■ L = P m (Pl 2 (K) ® P 2 * 3 (L)) G ^(Enp, 7\ V 3 )). 

If, in addition, M G ^(E n (I>, V 3 , V 4 )), we have (K ■ L) ■ M = K ■ (L ■ M) , by [LiPPa] Prop. 
4.10]. 

Let f2' be another orientation of the graph V . We can define a similar convolution prod- 
uct, denoted by -q>, on @ G (En>(D, V\ V 3 '))'s. The following proposition shows that the 
convolution products are compatible with the Fourier-Deligne transform. 

Proposition 1.6. $%(K-L) = $%(K) for any objects K G !^ g (Eq(D 1 V 1 , V 2 )) 

andLe @ G (E n (D,V 2 ,V 3 )). 

Proof. Due to the fact that m\ z is a fully faithful functor and that the condition to define the 
thick subcategory Af on E^ and E^y^/ are the same, one can deduce that L*m* lz Q\ = 0. From 
this fact, the functor : @ G (E n (D, V 1 , V 3 )) ->• @ G (E n ,(D, V 1 , V 3 )) can be rewritten as 

<S>%(K) = M[ 3l (M* 13 (K)®£ 13 )[r l3 }. 

where the notations £ i3 and r 13 are defined in 11.31 and M{ 3! and M* 3 are obtained from m' 13! 
and m* 3 as in ([6]). By definition, we have 

<B%(K ■ L) = ^ (P 13l (P* 2 (K) ® P 2 * 3 (L))) = M( 3! (M 1 * 3 P 1 3!(P 1 * 2 (i<:) (S> P&{L)) ® A 3 )[r 13 ]. 
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Consider the following cartesian diagram 

E QuQ ,(D,V\V 3 ) xE Q (D,V 2 ) — ^ E QuQ ,(D,V\V 3 ) 



E n (D,V\V 2 ,V 3 ) 



P13 



> E n (AV\V 3 ). 



(8) 



By an argument similar to |LilOat (18)], we have M* 3 Pi 3 \ = S\R*. So 

9%(K ■ L) = M' m {S,R*{P^{K) ® P* 3 (L)) ® £ u )[r u ] 

= M' 13l S l (R*P? 2 (K) ® i?*P 2 * 3 (L) ® S*£ 13 )[r 13 ]. 

On the other hand, we have 

$g'(if) <(L) = A'3!((A' 2 )*(^'W) ® (^ 3 )*«W)) 

= P[ 3 i((^i2)*^2i(^W ® A 2 )[ri 2 ] <8> (i^)*M^,(M^(L) ® £23)^23]), 

where P[^ and (-P/^)* are obtained from the projections p'^ from Eq>(D, V 1 , V" 2 , 1 73 ) to 
En/(Z), V 1 , V^'), £y and r»j are from II .3[ and the functors M[-y and iW?. are obtained from 
the projections in 11.31 as i-^i and P*j from p^- in (J6j). Consider the following cartesian 
diagrams 

E nun ,(D,V\V 2 )xE n ,(D,V 3 ) -^U En'(-D, V^ 1 , V 2 , V 3 ) 

Pis 

™' 

E^GD,^ 1 ,^ 2 ) 



and 



-> Eq>(D, V 1 , V 2 ), 

U E n >(D,V\V 2 ,V 3 ) 
p'23 



E nun ,(D,V 2 ,V 3 ) 

From these cartesian diagrams and similar to |LilOat (18)], we have (P{>2)*M[ 2 i = S'^R^Y 
and (P^rM^ = S' 2l (R' 2 y. So 

<(*T) •„ <(L) = P^XS'MYiM^K) <g> £ 12 ) <g) S 2! (i? 2 )* (M* 3 (L) ® £ 23 ))[r 12 + r 23 ] 

= P^dRirM^K) ® (R[yC l2 ) ® S 2! ((it* 2 )*M 2 * 3 (L) ® (i? 2 )*(£ 23 )))[r 12 + r 23 ] 

= P{ 3l S' v X(R[)*M* 12 (K) ® (i?;)*£ 12 ® (50*5 2! ((i? 2 )*M* 3 (L) ® (i?' 2 )*(£ 23 )))[r 12 + r 23 ]. 

We form the following cartesian diagram 

Enun>(D,V\V 2 ,V 3 ) xE 2 nxa ,(D,V 2 ) E« un ,(L>, F 1 , V 2 ) x E Q ,(D, V 3 ) 



<■>?, 



> E n ,(D,V 2 ,V^ 
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This cartesian diagram gives rise to the identity, (S'^Sy = T^{T[)* . So 
Qg(K) ■„ <(L) = 

= PiA^fMUK) ® {R'xTCn ® T^,(r ] [)*((i^)*M 2 *3( J L) <g> (P 2 )*(£ 23 )))[r 123 ] 
= PlAT'^T'YiR'.yM^K ® (^)*(i^)*£ 12 ® (T{)*(P 2 )*M 2 VL ® (^)*(i^)*£2s)[ri23] 
= JM,^,((^r(iO*K 2 # ® (T0*(P 2 )*M* 3 L <8) (Ttf (Rtf £ 12 ® (T0*(P 2 )^ 23 )[r 123 ]. 
where ri 23 = r 12 + r 23 . Let Fi = E nuf y(P>, V 1 , 1/ 3 ) and 

t' 3 : F = Enun^A V 1 , V 2 , V 3 ) x E^ n ,(D, V 2 ) Z = F, x En(D, V 2 ) x E 2 ^,(P, V 2 ) 

be the obvious projection. Note that in the component Fjquqi^D^ 2 ), there is a copy of 
E n \n'(A I/ 2 ), denoted by Ejj(D, I/ 2 ). Observe that 

Pl3 s i*2 = w *3> "W^ 2 = Jfe<£> alld m 23^2^1 = yi<3> 

where w is the projection from Z to Eq/(P, V 1 , V 3 ), and ?/i and ?/ 2 are the projections from 
Z to En(Z?, V 2 , V^ 3 ) (for yi) and Eq(D, V 1 , V^ 2 ), respectively. Note that there are two choices 
for the projections for each y iy but we choose the unique one such that the above identities 
hold. So 

*£(J0 .,y 9g(L) = W { T^(TiyY*K ® {TtfY^L ® {Ttf {R\y C l2 ® (T[)* (R' 2 )* C 23 )[r 123 ] 

= w,(y;k ® y*l ® T^{my{R' x yc 12 ® (T0*(p 2 )*£ 23 ))[r 123 ]. 

Let F 2 = E nufy (P>,F 2 ) x E n \ n /(D,y 2 ). Thus, F = F x x F 2 . Each component E* n (D,y 2 ) 
defines a projection, 7r i)i+ i : F 2 — >■ Equq'(P, \^ 2 ), for any i — 1,2. We have 

r^ 2 = w x {\ x 7r 23 ) and r' 2 t[ = w 2 (l x 7r 12 ), 

where 1 : Fi — > Fi is the identity map and Wi is the projection of Eq u qi(D, V 1 , V 2 , V 3 ) to 
Enun>{D, V\ V l+l ) for any i = 1, 2. Hence, 

= W(K,*K ® n*L ® 7* ((1 x n 23 )W*£ 12 ® (1 X n 12 )*W/ 2 *£ 23 ))[r 123 ]. 

Observe that W{L X2 = P?£l ® P 2 *£ 2 and W 2 *£ 23 = P 3 A ® P 2 C* 2 where £* is the dual of the 
local system Ci in 11.31 and pi are the projections from Equqi(D, V 1 , V 2 , V 3 ) to Equq/(.D, V 1 ). 
So 

T 3 / ,((l x n 23 )W*£ 12 ® (1 x n 12 )*H/ 2 *£ 23 ) = 

= t 3 ',(((i x n 23 )*(p*,q ® p 2 *£ 2 ) ® (1 x n 12 )*p 2 *oq ® p 3 *£ 3 )) 

= T 3 , ! ((T 3 ')*P*£ 13 ® (1 x LT 23 )*P 2 *£ 2 ® (1 x n 12 )*p*(£;)) 

= p*£ 13 ® t^i x n 23 )*p 2 *£ 2 ® (1 x n 12 )*p 2 *cq)) 
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where P* comes from the projection p : Z — > E^ u q/(1 /1 , V 3 ). By a similar argument 
as |KW01l p. 44], we have 

2^,(1 x n 23 )*P 2 *£ 2 ®(lx Il 12 )*P*(C* 2 )) = A,Q,, Zl [-2r']. 

where Ai is from the diagonal map 8 : Zi = ~Enuw(D, V 1 , V 3 ) x ~Eq(D, V 2 ) — > Z and r' is 
the rank of t' 3 , which is equal to X^efAc di m ^/V di m So 

P*£ 13 ®T 3 ',(1 x n 23 )*P 2 *£ 2 ®(lx n 12 )*P*(£*)) = P*£ 13 <8» A,Q iiZl [-2r'] = A ! 5 , *£ 13 [-2r / ]. 
Therefore, 

<(X) . n / <(P) = Wi(y 2 *JC ® K/L <8) A,S*£ 13 )[n 23 - 2r'] 

(9) = WA,(A*F 2 *K <g) A*y*L g) S*C 13 )[r 13 ] 

= M' m S,(R*P* 12 (K) ® P*P 2 * 3 (L) ® 5*A 3 )[ri 3 ], 

where the last identity comes from the observation that w5 = m' 13 s, y 2 <5 = p i2 r and yiS = 
p 23 r. The proposition follows from (jSJ) and ([9]). □ 

1.7. Generator. Given any pair (X\X 2 ) G Eq(P, V 1 , V 2 ), we write 

" X 1 m> X 2 " 

if there exists an Pgraded inclusion p : T^ 1 — > V 2 such that ph"x\ = x 2 ph', qj = q 2 Pi, for any 
h in f2 and i in J. We also write "p : X 1 <— > X 2 " for such a p and "X 1 <A X 2 " for the triple 
(X^X^p). Consider the smooth variety 

(10) Z n = Z a (D, V\ V 2 ) = {(X 1 , X 2 , p) | (X 1 , X 2 ) G E n (D, V\ V 2 ) and p : X 1 ^ X 2 }. 
Then we have a diagram 

EntAV 1 ) ZnCAV^.V 2 ) E^P,^ 2 ), 

(11) 7T 12 

E^P,^) «-»- E n (P,V\V 2 ) E n (D,V 2 ), 
where 7i"i and p\ are projections to the first components, 7r 2 and p 2 are the projections to the 
second components, and 7Ti 2 is the projection to (1,2) components. 

Similar to Z n (D, V\ V 2 ), let Z* n (P, V 1 , V 2 ) = {(X\X 2 ,p)|p : X 2 ^ X 1 }. Let tt 12 denote 
the projection Z^(P, V\ V 2 ) -»■ E n (P>, V 1 , ^ 2 ). Note that Z n (P>, V 1 , V 2 ) ~ Z^(P, V 2 , K 1 ). 

We set the following complexes in ^q(E^) with p = A — v and n G N: 

= Q (WQj.zJ) , if dim V 1 = dim V 2 = i/; 

%- naj = Q (7Ti2!(Qi,z n ) [e^naj) , if dim = f and dim\/ 2 = z/ + m; 

^l+noi = Q (^(Qi^M/kncj) > if dim V 1 = i/ and dim V 2 = v - ni] 
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where 

(12) e^ ncti = nldi+ ^ u h" ~ (f< + n) ) and / M>riQ . = n I (z/« - n) - ^ u v 

We set J?n, S^_ na . and ^^l +noii to be zero if \i 6 X can not be written as the form \i — \—v 
for some z/ G N[I]. Note that the complexes J"^ (S^_ nai and J^^]+ naj are denoted by J'^ 
^S-nai and ^S+nai in [LilOa], respectively. 

By modifying the proof of [LilOal Lemma 5.6], one can prove the following lemma. 

Lemma 1.8. = J„ <(^_ nQ J = *£L« , and <(J^ +nc J = where 

£/ie elements on the right-hand sides are complexes in ^.(Ejy) defined in the similar way as 
the complexes on the left-hand sides. 



Similar to the functors Pij\ and P?-, we define (i = 1, 2) 
(13) Pji. = Q o Q Pi! oQ,, P* = Qo Qp* o = Q o Qtt,, o Q, and n* = Q o Qtt* o Q,. 

1.9. Defining relation. We shall show that the complexes <Cfu_ nQ!j and ^^ +nai satisfy 
the defining relations of U. 

Lemma 1.10. J'pJ'yj = where fj/ — X — v' for any v' E N[J]. 

Proof. Assume that V 1 = V 2 = V 3 has dimension v. Consider the following cartesian 
diagram 

Z n {D,V\V 2 ) i Zx Z 



E Q (D,V\V 2 ) E n (D,V\V 2 ,V 3 ) Z 2 , 

where Z x = Z n (D, V\ V 2 ) x E n (D, V 3 ), Z 2 = E n (D, V 1 ) x Z n (P>, V 2 , V 3 ), 

Z = Zi x En(Djyly2iy 3) Z 2 = {(X 1 ,X 2 ,X 3 ,p 1)P2 )|X 1 A X 2 4 X 3 }. 

and the morphisms are the obvious projections. The cartesian square on the left gives 
rise to the identity Pi 2 Tli2\(Qi,Zn(D,v\v 2 )) = Pi!(Q/,zJ- Similarly, P£ 3 tti2\(®i,z a {D,v*,v3)) = 
P 2! (Q«,z 2 ). So 

y^-^ = Pl3l{P* 2 W ® P 23 W) = ^13!(Pl!(Qz, Zl ) <8) P 2! (Qi,Z 2 )) 
= Pl3!Pl!(Q;, Zl ® P 1 P 2 !(Q i ,Z 2 )) = Pl3!Pl!(PtP 2 !(Q«,Z 2 )). 

The right cartesian square in the above diagram implies that R\R2\ = SwS^- Thus 

■V = Pl3!Pl!(PiP2!(Qz,Z 2 )) = Pl3!Pl!S'l!S' 2 *(Q/ )Z2 ) = P^, ft, (Q/ )Z ) . 
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Consider the following commutative diagram 

Z — ^ Z n (D,V\V 3 ) 

riSl 7T12 

E Q (D,V\V 2 .V 3 ) E n (D,V\V 3 ), 

where t sends X 1 A- X 2 A- X 3 to X 1 ^ X 3 . Then we have 

S» ■ = PmRv.Sv.(Qi,z) = n 12! T,(Qi )Z ). 

Observe that t is the quotient map of Z by the group Gy2 , thus the induced morphism Qt : 
[H\Z] -> [G\Z n (A V 1 , V*)] is an isomorphism. Hence Ti(Q ZiZ ) = Qi,z n (D,v\v 3 )- Therefore, 

■ = Kl2l(Ql,Z a (D,Vi,V3)) = ^12\(Ql,Z n (D,V^,V : i)) = ^fl- 
it is clear that J 2 ^ • J?^ = if /i 7^ \J from the above argument. The lemma follows. □ 

Lemma 1.11. For any // and //, we /iai>e 

/»(«) «r _ x A n ) a A n ) _ x A n ) 

gp{n) a x. , &( n ) ^ , ^( n ) — A , 

This lemma can be proved in exactly the same way as the proof of Lemma 11.101 
Lemma 1.12. S^.^.^^^.^ = & lx + OLi _ OL ,^j ra £ il + (Xuil , for any i^j. 
Proof. Fix four /-graded vector spaces V 1 for % = 1, 2, 3, 4 such that 
(14) dim V 1 = v + j — i, dim V 2 = v + j, dimV 3 = u and dimV^ 4 = u — i. 
Let 

Z l = {(X\X 2 ,X 3 , Pl ,p 2 )\(X\X 2 ,X 3 ) e E n (D, V 1 , V 2 , V^X 1 4 X 2 A X 3 }, 

and tti be the projection from Zi to E^i(D, V 1 , V 2 , V s ). Then an argument similar to the 
proof of Lemma 11.101 yields that 

where m = e M _ aj+ai)Q , 4 + fn- aj ,ay Denote by V the /\{j}-graded vector space obtained from 
V by deleting the component Vj. Let Z be the variety of quadruples (X^X 3 ,/? : V 1 ^ 
V^ 3 , Oj : V 3 V^ 1 ), where (X 1 , X 3 ) G En(.D, V^ 1 , V 3 ), such that all the diagrams incurred in 
the quadruples are commutative, i.e., 

XhPh* = ph"x\, ii{ti, h"} ^ j; x\ = ajX 3 h p h >, if h" = j; and (jjx\ = x 3 h p h >, if h! = j. 
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Define a morphism of varieties 

rig : Zi -> Z 

by ri 3 (X 1 ,X 2 ,X 3 ,pi,p 2 ) = (X 1 , X 3 , p, cr,) where p fc = p^ k Pi,k for any fc G AO'} and CT j = 
PijPzj- Then, we have Pi37r 2 = 7rr 13 , where tc is the projection from Z to ~Eq(D, V 1 , V 3 ). 
Moreover, we observe that r 13 is a quotient map of Zi by Grya- From these facts, we have 

(15) ^- Qj+Qi „^- Qj , m = PisinuCQj.zJH = n,# u ,(Q,, Zl )[m] = n,(Q li2 )[m]. 
On the other hand, let 

Z 2 = {(X 1 , X 4 , X 3 , p 1; p 2 ) I (X 1 , X 4 , X 3 ) G E n (D, V\ V\ V 3 ), X 1 A X 4 4 X 3 } 

and 7r 2 be the projection from Z 2 to Eq(D, V , V 4 , V 3 ). Define a morphism fi 3 : Z 2 — > Z 
by fi 3 (X 1 ,X 4 ,X 3 ,pi,p 2 ) = (X l ,X 3 1 p,a j ) where p k = p 2 ,kPi} t for any k G AO'} and a j = 
PijPzj- Then we have p~i 3 7r 2 = 7rfi 3 , where pi 3 is the projection from Z 2 to Eq(D, V 1 , V 3 ), 
moreover f 13 is quotient map of Z 2 by G V 4. From these facts, we get 

(16) JW-^+^+^m = Pi3!n 2! (Qi,z 2 )H = n !j R 13 !(Q/ lZ2 )K] = n,(Q l)Z )[m'], 

where m! = / M + aj -a 3 -,a j + e ^a i ,a i - By P-^ft ari( i the fact that m = m', we have the 

lemma. □ 

Lemma 1.13. Let u{i) = di + J2 heH . h i =i Vh,"- F° r an U vertex i G /, 

i/j-i v(i)-vi— i 

© ^X*) - 1 " 2p] = ^ + a& +ai ,H © ^K*) " 1 " 2p]- 
p=0 p=0 

Proof. Due to Lemma 11.8] we may assume that % is a source in Q. Let us fix four /-graded 
vector spaces, V a , for a = 1, 2, 3, 4, such that 

(17) dim V 1 = dim V 3 = u, dimV 2 = u + i and dimV 4 = ^ — i. 
Then we have 

^-a^-a,^ = Pi3\Hi\{Qi,Zi)[Tn] and ^+^-^^+04^+^,^ = Pi3l^2\(Qi,z 2 )[m\, 

where m = — 1 and the other notations on the right-hand sides are defined in the proof 
of Lemma 11.121 with the condition (114"]) replaced by (fT7|) . 

Let Z* be the open subvariety of Z x defined by the condition that X 1 (z), X 2 (i) and X 3 (z) 
are injective. Similarly, we define the open subvariety in Eq(D, V 1 , V 3 ). 

Denote by X the element obtained from X G En(D,V) by deleting any component Xh 
such that h! = i. Let ZJ be the variety of tuples (X 1 , X 2 , X 3 , p 1; p 2 ). Let Yi be the 
variety of tuples (X 1 , X 2 , X 3 , p 1} p 2 , Vi, V 2 , V 3 ), where Vi,V 2 ,V 3 C A © ©ft6n:A'=iVfc", such 
that Vi, V 3 C V 2 , dim Vi = dim V 3 = Ui and dim V 2 = Ui + 1. Similarly, we define the variety 
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X! of tuples (X 1 ,X 2 ,X 3 ,p 1 ,p 2 ,Vi,V 3 ) and the variety W of tuples (X 1 , X 3 , Vi, V 3 ). Then 
we have the following cartesian diagram 



z; 



ri 



si 




S2 




S3 













^3 



* Xi 



r 4 



* w, 



where the r a 's are the obvious projections, and s 2 and S3 are induced from si, which is 
defined by s^X 1 , X 2 , X 3 , Pl , p 2 ) = (X 1 , X 2 , X 3 , p 1? p 2 , Vi, V 2 , V 3 ) with 

V 2 = im(g 2 + ^ a; 2 ), and V a = im (qf + ^ p a ,A'0, Va = 1, 3. 



hen-.h' 



hen-.h> 



Observe that s\ and s 2 are the quotient maps of Z\ and Z* by the group G v i x G v ? x G^, 
respectively, and S3 is the quotient map of by Gyi x G v ? ■ Thus we have 



(18) 



R2iRv.(Qi,z { ) = s;r 4 ,r 3 , (Q, )Yl ). 



Let be the closed subvariety of Y x defined by the condition Vi = V 3 and be its 
complement. Let i\ : YJ — > Yi and ji : Y^ — >■ Yi be the inclusions. Sine r 3 is proper and 
Y 1 is smooth, the complex -R 3 !(Qj,Yi) is semisimple. So we have 

r 3 !(Qj )Yl ) = j°v.*r° 3 \(®i,Y°) © r 3 iiii(Q, )Y f), 

where j° and are the morphisms YJ 4 X" 4 Xi with X° the image of Y° under r 3 . 
Observe that the morphism r 3 ii is a projective bundle of relative dimension u(i) — v { — 1. 
Thus r 3 iii!(Q^Yf) = ©p=o _ ^ _1 Qj,x=[— 2p] where X^ is the closed subvariety of Xi defined by 
the condition Vi — V 3 . Then, we have 

MQi,-yi) = J°MQi,-y?) © ©;=o"^ _1 Q/,x f [-2p]. 

By combining the above analysis, we see that the restriction of the complex S^_ ai ^^ ai>fl 
to Eq is equal to 

(19) R 2 iRii(Qi,zi) = S^RyXQi^) = ^^4 ! J 1 ^i?3!(Q^Y ? )©©;2~"^ 1 .S3^4!Q/,x f [m-2p]. 

On the other hand, we may define the open subvarieties Z 2 of Z| similar to the subvariety 
Zf of Z. Then the following varieties Z 2 , Y 2 , Yg, Y2 and X 2 in the diagram below are 
defined in a way similar to the varieties having subscript 1: 

h , ft. t 2 



->■ Z% 







tl)2 




S3 













*3 



* Xo 



*4 



■>■ w, 
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where the morphism W\ is defined by Wx{X x , X 4 , X 3 , o~i, a 2 ) = (X 1 , X 4 , X 3 , &i, 02, Vi, V4, V3) 

with V 4 = im (gf + J2hen-.h'=i x h) and V « = im (q? + J2hen-.h'=i a a,h" x h) for an y a = 1, 3. 

Let %2 : Y2 ^ Y2 -r- ' Y2 : J2 be the inclusions. Then we see that £3^2 is a projective 
bundle of relative dimension — 1. An argument similar to the proof of ffT^l) shows that the 
restriction of the complex J^ +Q ,._ aj . iM+ai <^ +Q , ijjU to is equal to 

(20) T 2 {T v X®i,z* 2 ) = S;T 4l T 3l (Q ltY2 ) = S*T 4l JM(Q,,y 5 ) © ©^^CW™ - 2p], 

where j'2 and £3 are the morphisms Y| 4 X2 -4- X 2 with X|. Finally, observe that there are 
isomorphisms Y° ~ Y^, ~ X2 and moreover the complex S^T^Q^xjj) is the restriction 
of J"^ to E^. The lemma follows by comparing (fl9|) and (!20j) and using the observations. □ 



Lemma 1.14. For any i 7^ j G I, let m = 1 — i ■ j . We have 

0<p<m 0<p<m 
P ewen p orfrf 

0<p<m 0<p<m 
P ewen p odrf 

where fi 1 = \i + pen, /i 2 = /x + pctj + a-,-, and fi 3 = fi + men + ctj . 

Proof. Without lost of generality, we assume that i is a source in Q. For a = 1, 2, 3, 4, let V™ 
be the /-graded vector spaces such that 



dim V 1 = v — mi — j, dim V 2 = v — pi — j, dim V 3 = v — pi and dim V 



v. 



Let Z be the variety of the data (X 1 4 X 2 4 X 3 4 X 4 ) where X a G E f7 (D,1/ a ) for 
a = 1, 2, 3, 4. Let 7r : Z — » E^(-D, V^ 1 , V" 4 ) be the obvious projection. Then 

47^v^ = ni(Q,z)[* m - P ], 

where s m _ p = m{y{%) - u { ) + (dj + J2heQ-.h'=j u h" ~ Vj) + (m - p)(l - (m - p)). Moreover, 
7r factors through Zq(D , V 1 , V 4 ) , where the map r from Z to 7iq,{D ^V 1 ,V^) is given by 
r(X x 4 X 2 4 X 3 4 X 4 ) = (X 1 P3 4 P1 X 4 ). Let B m _ p = i2,(Q,, z ). Thus, 

The identity for the d?'s is reduced to show that 

(21) B m - p [(m-p){l-(m-p))]= © B m _ p [{m - p){\ - {m - p))]. 

0<p<m 0<p<m 
P euen p odd 

This is shown in [ZH08t 2.5.8]. For the sake of completeness, let us reproduce here. Let Z s 
be the open subvariety of Z defined by the condition that X a (i) are injective for a = 1, 2, 3, 4. 
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The variety Zq(D, V 1 , V 4 ) is defined similarly. Let s : Z s — > Zq(D, V 1 , V A ) be the restriction 
of r to Z s and C m - P := S\(Qi t z«)- Then the condition on the localization implies that 
we only need to show the identity (12 ip when we restrict the complexes involved to the 
variety Zq(D, V 1 , V 4 "), i.e., to show that f|2T|) holds with the complexes B m _ p replaced by 
the complexes C m - P . 

Observe that the group G V 2 x G v s x GLfV^ 1 ) x GL(yj 4 ) acts freely on Z s and the quotient 
variety Y is the variety of tuples (X 1 4 X 4 ,Vi,V 2 ,V 3 ) where V U V 2 C ^(z), V 3 C \/ 4 (i)) 
such that Vi C V2 and p(V 2 ) C V3; and dimVi = Vi — m, dim V2 = v% — p and V3 = V{. 
Moreover, the group GL(V^) x GL(V 4 ) acts freely on Zq(D, V 1 , V A ) and its quotient variety 
X is the variety obtained from Y by deleting V 2 and replacing the condition p(V 2 ) C V3 by 
p(Vi) C V3. Let t : Y — > X be the projection. Let A m _ p = Ti(Q^y). To show (l2Tj) . it reduces 
to show that the identity holds with the complexes B m _ p replaced by the complexes A m _ p . 

Now define a partition (X n )™ =0 of X such that elements in X n satisfying the condition 
that dimp(\^ 1 (z)) flV 3 = Ui—m + n. Let Y n = £ -1 (X n ), and t n : Y n — > X n be the restriction 
of t to Y n . Then the restriction of r to Y ra has fiber at any point of X n isomorphic to 
the Grassmannian Gr(m — p, n) of (m — p)-subspaces in n-space. By the property of the 
cohomology of Gr(m — p,n), we have 

m—p 

T„.(Q/, Y J = © K Qz,xJ-2 5^(K a - a)], 

a=l 

where k runs through the sequences (1 < K\ < k 2 < ■ ■ • < K m - P < n )- Since the complexes 
A m _ p are semisimple, it suffices to show that (l2Tj) holds when restricts to the strata X n for 
all n, which is left to show that 

p p 
©^,x n [-2X>a-a)+p(l-p)]= ®M^ n [-2j2^a-a)+p(l-p)]. 

0<p<n a=l 0<p<n a=l 

P even p odd 

To any sequence k = (1 < K\ < ■ ■ ■ < k p < n) of odd length, attached a sequence k! of even 
length by n' a = K a +i for a = 1, • • • ,p, if K\ = 1; «j = 1 and /t' a+1 = K a for a = 1, • • • ,p if 
«4 ^ 1. This defines a bijection between the set of sequences k of even length and the set 
of sequences k of odd length and it is clear that the shifts on both sides are the same under 
this bijection. Thus the identity holds. The identity for the J£~'s can be proved similarly. □ 

Lemma 1.15. For any i E I and m G N, we have 

^+(m+l)a i , t i+ma i ^p+La l ,p = ^!+( m +l)a i ,/z l 171 ~ ^P] i 

0<p<m 

0<p<m 
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Proof. Fix three /-graded vector spaces V a for a = 1, 2, 3 such that diml^ 1 = v — (m + 
dim V 2 = v — mi and dim V 3 = v. Let Zi = Z^(-D, V^ 1 , V^ 3 ) and Z be the variety of tuples 
{X\X 2 ,X 3 , Pl ,p 2 ), where (X\X 2 ,X 3 ) G E fi (.D, V 1 , V 2 , V 3 ), such that X 1 4 X 2 4 X 3 . 
Let t : Z -> Zi be the map defined by t(X\ X 2 , X 3 , p u p 2 ) = (X\X 3 ,p 2 Pi : A 1 ->• A 3 ). As 
in the proof of Lemma 031 we have T.{Qi,z) = ©£L (Qi,z 1 )[-2p]. So 

= ©^ ni2!(Qi, Zl )[e M+ ( m+1)ai , ai + e M+mai , mai - 2p] = ®%4+(™li) ai J m ~ H 
The proof for the J^'s is similar. □ 

We refer to [LilOaj I] and [L93| Ch. 23] for the definitions of the quantum modified algebra 
U and its integral form a.U associated to the graph T. By specializing the shift [z] to v z for 
any z G Z, the identities in Lemmas I1.10H1.151 become the defining relations of the integral 
form aU. In short, we have 

Theorem 1.16. The complexes J*^, ^ n ^- nai and ^^ +nai satisfy the defining relations of 
the integral form &JJ. 

Remark 1.17. In many, if not all, respects, the proof of Theorem 11.161 is very similar to 
that of [ZH08, Theorem 2.5.2] (see also Proposition 11.271 in this paper). 



1.18. Complex K,. Consider the complexes of the form 

(22) K. = K X -K 2 - ... ■ K m G ^(Enp, V\ V 2 )), 

where the X a 's are either or 

Proposition 1.19. The complexes K, in (MM) are bounded. 

Proof. For any pair (i, a) of sequences, where i = (i m , ■ ■ ■ , zi) G I m and a = (a m , • • • , Oi) G 
N m , we write 



&„ ,. m -i • • • &„2 ,a6„i „o ana ^„ ; a — <y , ■ ■ ■ ^ 1/m _ 2 ,.m-i^, 



©(i,a), M - © Mi/i m-l ■ • • 0,2 iM i ^M,(i,a) ~ ^/Am 1 ' ' ' ^M m ~ V™" 1 ^M™" V' 

such that /i' — /x' -1 = a/Qj ; for / = 1, ■ ■ • , m. By Lemmas 11.121 and 11.131 it suffices to show 
the boundedness of the complex K, if K, is of the form M,b)^(i,a),/x f° r an y t wo pahs (i, a) 
and (j, b). An argument similar to the proof of Lemma [1.141 yields that 

^,ab)^ ll a), M = ni(Q { ,z)[m], 

for some m, where Z is the variety of the data (X 1 4 X 2 > X 3 ) and rr is the projection 
from Z to the variety Enp, V 1 , V 3 ) with the dimensions of V 1 and V^ 3 determined by the 
pairs of sequences. The morphism n factors through the following varieties 
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where Z x is the variety obtained from Z by forgetting the maps p 2 , the variety Z 2 is the 
quotient variety of Z\ by the group Gy2 and the morphisms are clearly defined. It is clear 
that the functors ITn, n 2 i and IT 3 ! send bounded complexes to bounded complexes and 
ill = n 3 !ri2!n 1 !. The proposition follows. □ 

Remark 1.20. Since 7r 2 is a quotient map and 7r 3 is proper in the above proof, the semisim- 
plicity of the complexes K, is reduced to show that Ili^Q^z) is semisimple. This is again 
reduced to show that is semisimple, or more precisely, J^ t = IC(im 7Ti 2 ). 

1.21. Functor 6^. Let ^q G (D, V 1 , V 2 ) be the category of functors from ^(E n (D, V 1 )) 
to @ G (E Q {D, V 2 )). Define a functor 

6^ : asCEnp, V\ V 2 )) ^ G (D, V\ V 2 ) 

by Q {K) = P 2l (K g> Pi(-)) for any object K in @-(E n (D, V\ V 2 )) and the functors P 2 , 
and Pi are defined in ( fT3l) . 

Proposition 1.22. Q n (K-L) = On(L)O n (K) for any objects K in @ G (E n (D, V 1 , V 2 )) and 
L in @ G (E n (D,V 2 ,V 3 )). 

Proof. By definition, we have 

e n (L)e a (K)(M) = P^L <g> (P{)*e n (K)(M)) = P^L ® (P[)*P 2l (K <g> P X *(M)), 

where P 2! and (Pi)* are corresponding to the maps p 2 and in the following cartesian 
diagram 

E U (D,V\V S ) E n (D,V\V 2 ,V 3 ) Enp.V 1 ,^) 



P2 



P2:) 



P2 



E n (P,^ 3 ) + E n (P,\/ 2 ,\/ 3 ) + E n (D,V 2 ). 

By an argument similar to jLilOal (16)], we have (PQ*P 2 i = P^Pj^)*. So 

Q Q (L)e Q (K)(M) = P^L g> P 23 i(P{ 2 )*(K <g> Pr(M)). 

By an argument similar to jLilOal (19), (21)], we have P 23! (,4<g>P 2 * 3 (P)) = P 23! (A) ®B. Thus, 

e n (L)e n (iir)(M) = p 2 ',p 23! (p 2 * 3 (l) ® (f? 2 r(# ® p* (m))) 

(23) 

= P^.(PUL) ® (Pi' 2 )*W ® (P^P^M)). 

Similarly, we have 

(24) 9n(# • L) = P 2l P l3l ((P{ 2 )*(K) ® P 2 * 3 (L) <g) P? 3 P?(M)), 
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where P* comes from the projection Eq(D, V 1 , V 3 ) — > Eq(D, V 1 ). The lemma follows by 
comparing (|23|) with (|24|) and the following identity 

^23! = PvPm and (P[ 2 )*P* = P* 3 P*, 

which can be proved by a similar way as |LilOat (18), (20)]. □ 

Define a functor of equivalence 

: J^ n (A ^, V 2 ) ^, V 2 ) 

by *g'(F) = $g'Fa*$£„ where a is the map of multiplication by —1 along the fiber of 
the vector bundle over E^n^/ . Its inverse is given by \&^,(— ) = a*$^,(— )$q , since 
= a*. Moreover, we have 

Lemma 1.23. \E^' commutes with the composition: ^q(F 2 oF 1 ) = ^(F 2 )o^(F 1 ) for 
anyF 1 G J? Gn (D,V\V 2 ) and F 2 G ^ Gn (D,V 2 ,V 3 ). 



Let 1 ^G(E n (AV' 1 ,V a )) (resp. 1 ^(E a (D,V% % = 1,2) be the full subcategory of 
^q(E^(Z}, V 1 , V 2 )) (resp. ^ G (E^(D,^))) consisting of all objects such that a*{K) ~ if. 
Let 1 J£ G ~ C (D, V 1 , V" 2 ) denote the category of functors from the category 1 ^q(Eq(D, V 1 )) to 
1 ^ G (E n ( J D,K 2 )). We have 

Lemma 1.24. The following diagram commutes 



*8 



1 <3»& 



(E^pV^V 2 )) ^^(A^V 2 ). 
Proo/. For any if G 1 ^ G (E n ( J D, V 1 , V 2 )) and K x G 1 ^ G (E n ( J D, V 1 )), we have 

<e n (if)(ifi) = $^'e„(ir)a*$^(if 1 ) = sg^ir ^p^an;)*^) ®a))N 

where P^y and P* are from (ITB"|) . LTn and (IL^)* come from the following projections 

Enp,^ 1 ) <-2^_ Enun^D,^ 1 ) E^(A^); 
di is the rank of tt% and L\ is defined in ([I]). Consider the following cartesian diagram 

Enuf^A^xE^AV 2 ) E n ( J D,V 1 ,^ 2 ) 



pi 



pi 
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By an argument similar to |LilOal (18)], we have P*IIx! = II11P*. So 

tfffe n (JO(#i) = §n p 2\{K <g> ^UuP^iiu^yiKt) <g> A))N 
= ^p^n^n^K) ®a*p^n;)*(^i) ® a*p*A))[^ 

= R 2l {RlP 2l fl v Xa) ® £ 2 )[d 2 ], 
where R 2 \ and P^ come from the following projections 

E n (D,V 2 ) E nun ,(D,V 2 ) E n >(D,V 2 ), 

d 2 is the rank of n, a = TL{(K) <g> cfP^O^Pi) ® a*P*£i)[di], and £ 2 is defined in 
The following cartesian diagram 

E nun ,(D,V\V 2 ) Enun^AV 1 ) xEnOD,^ 2 ) 



si 



P27T1 

ri 



E nufy (P>,V 2 ) E n (D,V 2 ), 
gives rise to the identity R[P 2 \Iii\ = Si\T*. So we have 

^QniK^K,) = R 2] (S v T*(a) ® £ 2 )[d 2 ] = R 2l S v XT*(a) ® S*£ 2 )[d 2 ] 

(25) 

= p 2! 5i,(T*nt(p;) ® T*p*(n' 1 )*a*(p; 1 ) ® a*T*p*d ® ST£ 2 )[cZi + d 2 ]. 

On the other hand, we have 

BatfiWiKi) = P^n(K) ® (AT(^i)) 
(26) = P^M^M^) ® £ 12 )[r 12 ] ® (AT^i)) 

= P^M^M*^) ®£ 12 <g, (M{ 2 ) * (P{) * (if i ) ) [r i2 ] , 
where P 2! , (P{)* come from the following projections 

E n ,(D,V % ) <A- E n ,(D,V\V 2 ) E n ,(P>,V 2 ), 

and M{ 2! , Mj* 2 , £i 2 and ri 2 are from 11.31 By comparing ( 1251) with ( 1261) . the lemma follows 
from the following observations: r 2 Si = p 2 m' l2 , ftiti = m 12 , r K' 1 P\ti = p^m'^, p\t\ = p[, 
si = p' 2 and C\ 2 = a*(P[)*C\ ® (P 2 )*£ 2 . Note that the last identity can be deduced from 
the following well-known fact. Let s,p\,p 2 : k X A; — > k be the addition, first and second 
projections, respectively. Then s*C x = p\C x ®p 2 C x . □ 

We define the following functors in J£^ G (P, V 1 , V 2 ): 

3 M = n 2! IT*, if dim V 1 = dim V 2 = v\ 

^ii-noii = n 2 !n*[e M)nai ], if dimK 1 = v and dim\/ 2 = v + ni; 

^i+noj = niill^t/^naj, if dim V 1 = v and &m\V 2 = v - ni; 
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where the functors ILj and II* are defined in ffl3l) and e^ nai and f^ nai are defined in fTT2|) . 
Note that 3 M = Id^-^^^ v i^, the identity functor, since 7Ti and 7r 2 are principal G v i- 
bundles. We have 

Proposition 1.25. 9 n (J^) = 3 M , Bn^J-ncJ = 3£i-na, « nrf ©n^S+ncJ = ■ 
Proo/. We shall show that e n (^_ nQi ) = 3™- nai . For any tf a e @ G (E n (D, V 1 )), we have 

^S-na^^O = ^ni(Ki)K, nai ] = p 2! n 12! nt 2 p*(^i)[e w ] 

= P2!n 12! (Q ; ,Zn ® n^P^i^Ofe^J = P 2 !(n 12! (^ )Zn )[e M)nQj ] ® P^Ki)) 
= P 2! (Q(7ri 2! (^,zJ[e m ]) ® Pr(Ki)) = e n (^ ) _„ Qj )(ir 1 ). 
The rest can be proved similarly. □ 

By Lemmas 11.81 ll.24[ and Proposition 11.251 we have 
Corollary 1.26. = 3 M , <^ = tf£_ naj and *8'((S£ +n( J = <s£ + na<- 

Actually, we need to show that the complexes in Corollary 11.261 are invariant under the 
functor a*. This can be proved as in |L93[ 10.2.4]. 

From Proposition 11.221 Corollary 11.261 and Theorem I1.16[ we have 

Proposition 1.27. The functors 3^, £^_ na . and ^u,u+nai satisfy the defining relations of 
aU. 

From Corollary ll.26[ one sees that the functors ^/Tu_ nQ:i and £^l+ nai are the functors 
and <£„} in [ZH08j . respectively. Proposition 11.271 was first proved in [ZH08t 2.5.8]. 
Now that the functor 0q induces a bifunctor 

(27) o : ^(E n (D, V\ V 2 )) x @ G (E n (D, V 1 )) -> ® G {E a {D, V 2 )) 

given by K o K x = S^K)^) = P 2 \{K g> P^K^) for any K G @ G (E n (D, V\ V 2 )) and 

ir 1 e^ G (E n (D,V 1 )). 

Suppose that the complexes K, are semisimple, then we may form an associative algebra 
over the ring Z[t>,t> _1 ] of Laurent polynomials. 

where J^d^.u 2 is the free Z[v, v _1 ]-module spanned by the isomorphism classes of simple per- 
verse sheaves appearing in K, in & G (En(D, V 1 , V 2 )). The multiplication on J^d is descended 
from the convolution product "■" in ([7]). 

Let V\ = V\i <8> • • • <E> V\ n be the tensor product of the irreducible integrable representa- 
tions of U with highest weights Ai, • • ■ , A n in X + . Denote by S>\ the full subcategory of 



20 



YIQIANG LI 



®v@g{Eci(D,V)) such that its Grothendieck group Y\ is isomorphic to the integral form 
of Vx (see |ZH08j ). Let £? d be the full subcategory of ® v iy2@~(E n (D,V 1 ,V 2 )) consisting 
of all semisimple complexes whose simple summands are from K,, up to shifts. Then the 
bifunctor (J27j) gives rise to a bifunctor £2 d x 3>x ~^ @\ by restriction, which descends to a 
bilinear map 

o : je d x y k -> 

Let £$ d (resp. <^a) be the set of all isomorphism classes of simple perverse sheaves appearing 
in J2 d (resp. $>\). We then have 

a o b = s a,b c > where s l,b e N[v, iT 1 ], 

CG.% 

for any a 6 SS d and 6 G ^a- From this, we have 

Corollary 1.28. If the complexes /C. are semisimple and Conjecture 4-14 ^ n [Li 10 a] holds, 
then the action of the canonical basis elements in U on the canonical basis elements in V\ 
has structure constants in Nffjf" 1 ] with respect to the canonical basis in V\. 

Remark 1.29. (1). It should be true that the functor 0^ is fully faithful. 

(2) . We are not sure if the superscript 1 in the categories in Lemma [1.241 can be dropped. 

(3) . The algebra Jif d should be the generalized g-Schur algebras ( |D03j ) when the graph 
T is of finite type. 
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